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MG dau

Ham lugng giac hyperbolic 1a chuyén dé quan trong ciia giai tich, dac biét
14 chuong trinh chuyén toan bac THPT. Cac dé thi hoc sinh giéi cAp Quoc
gia, thi Olympic khu vuc, Olympic Qubc té thuong xuat hién bai toin st
dung cac tinh chat ctia ham lugng giac hyperbolic, d6 1a nhitng bai toan kho
va m6i mé ddi véi hoc sinh THPT. Nhitng cuén sach tham khio danh cho
hoc sinh vé linh vic nay 1a khong nhiéu. Dac biét trong cac tai lieu sach
giao khoa danh cho hoc sinh THPT thi ham lugng giac hyperbolic chua dugc
trinh bay mot cach hé thong va day du.

Xuat phat tit thuc té d6, muc tiéu chinh ctia luan van 1& cung cap thém
cho céac em hoc sinh, dic biét 14 cac em hoc sinh kha, giéi, c6 ning khiéu va
yéu thich mon toan mot tai lieu tham khao, ngoai nhitng kién thic 1y thuyét
co ban luan van con c¢6 thém mot hé thong cac bai tap vé ham luong giac
hyperbolic, cac cong thitc bién doi lugng gidc hyperbolic va 15i giai cho tuong
minh. Ngoai ra, day cfing 14 nhiing két qua ma ban than tac giad sé tiép tuc
nghién cttu va hoan thién trong qua trinh gidng day toan tiép theo & truong
pho thong.

Ngoai phan Mé& dau, Két luan va tai lieu tham khdo, luan vin gom ba
chuong.

Chuong 1. Mot s6 kién thiic chuan bi.

Trong chuong nay luan van trinh bay mot sé kién thitc lien quan dén
ham lugng gidc hyperbolic, cac hing ding thic co ban gitta céc 16p ham
hyperbolic.

Chuong 2. Mot s6 bai toan ap dung lién quan t6i 16p ham hyperbolic.

Trong chuong nay luan van trinh bay mot s6 16p phuong trinh, bat phuong
trinh va cac bat dang thic lien quan.

Chuong 3. Phuong trinh ham trong 16p ham lugng giac hyperbolic.

Trong chuong nay luan vin trinh bay vé phuong trinh ham sinh béi cic



ham lugng giac hyperbolic va mot s6 bai toan ap dung tuong dng.

Luan van dudgc hoan thanh dudi sy huéng dan khoa hoc ciia Nha gido
nhan dan, GS.TSKH Nguyén Van Mau. Tac gia xin dugc bay t6 long biét on
chan thanh va sau sic t6i GS - Nguoi thay tan tam trong cong viéc va da
truyén thu nhiéu kién thic quy bau ciing nhu kinh nghiém nghién cttu khoa
hoc cho tac gid trong sudt qua trinh hoc tap, nghién ctu dé tai.

Tac gid xin dugc bay té long biét on chan thanh dén Ban Giam hiéu,
Phong dao tao sau dai hoc, khoa Toan - Tin cta truong Dai hoc Khoa hoc
- Dai hoc Thai Nguyén, cuing cac thay co gido da tham gidng day va huéng
dan khoa hoc cho 16p Cao hoc toan K7Q).

Tac gid xin chan thanh cAm on Ban Giam hiéu va tap thé gido vien truong
THPT Tran Nhan Tong da tao diéu kién cho tic gid c6 co hoi hoc tap va

nghién ciu.

Tac gia.

TRUONG DUC THINH



Chuong 1

Mot s6 kién thitc chuan bi

1.1 Cac dinh nghia va tinh chit ciia ham hyperbolic
cd ban

1.1.1 Ham sin hyperbolic

Dinh nghia 1.1. Ham sin hyperbolic 14 ham s6 cho béi cong thric

. e’
sinhx =

— e_x

2

Tinh chat 1.1.
a. Ham sin hyperbolic 1a ham s6 18, ¢6 tap xac dinh R vasinhz > 0, Vo >0
va sinhz < 0, Vz < 0.
b. Dao ham ctia ham sin hyperbolic

(sinh x)" = cosh x; (sinh u)" = u' cosh u.
c. Su bién thién

Do (sinhx)’ = cosha > 1, Vx € R nén ham sb sinh z dong bién trén R.

Do (sinhz)” = sinhz nén ham s6 sinhz 16i trén (0; 4-00) va 1om trén
(—00;0).

1.1.2 Ham cosin hyperbolic

Dinh nghia 1.2. Ham cosin hyperbolic 14 ham sb cho béi cong thiic

et +e "
2

coshx =

Tinh chét 1.2.

a. Ham cosin hyperbolic 14 ham s6 chan, c6 tap xac dinh R.

3



b. Dao ham ctia ham consin hyperbolic.

(coshx)" = sinh x; (coshu)” = ' sinh u.
c. Su bién thién

Do (cosh z)" = sinh 2 nén ham s6 cosh 2 dong bién trén (0; +-00) va nghich
bién tren (—oo;0).

Do (coshx)” = coshx > 1, Vo € R coshx 16i trén R.

1.1.3 Ham tang hyperbolic

Dinh nghia 1.3. Ham tang hyperbolic 14 ham s6 cho bdi cong thiic
sinh x et —e "

tanhz = = )
coshrz e*+e®

Tinh chéit 1.3.

a. Ham tang hyperbolic 1a ham s6 1¢, c6 tap xac dinh R.
b. Dao ham ciia ham tang hyperbolic

1 u
tanh z) = ———; (tanh )’ = :
( ) cosh’z ( ) cosh®u
c. Su bién thién ,
Do (tanh )" = 5— > 0,V € R nén ham s6 tanh « dong bién trén R.

cosh”x

1.1.4 Ham cotang hyperbolic

Dinh nghia 1.4. Ham cotang hyperbolic 1a ham s6 cho béi cong thic
coshx e"+e™”

cothxy = — = .
sinh z er — e~ 7

Tinh chét 1.4.

a. Ham cotang hyperbolic 13 ham s6 1¢, c6 tap xac dinh R\ {0}.
b. Dao ham ctia ham cotang hyperbolic

-1 —u
cothz) = ———; (cothu)’ =
( z) sinh?z ( u) sinh?u
c. Su bién thieén X
Do (cothz) = '_h2 < 0,Vz € R\ {0} nén ham s6 coth z nghich bién
sinh“x

trén trén mdi khoang (—oo; —1); (1; +00) .
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1.1.5 Mot vai vi du

Vi du 1.1. Tinh gia tri cac ham hyperbolic tai In2, In 3.
Lot giaa.

+ Tinh gia tri cac ham hyperbolic tai In 2

' 61r12 . e—ln2 3
sinh(In 2) = T_m? =
cosh(In2) = % = Z;tanh(ln 2) = g; coth(In2) = g
+Tinh gia tri 1c%c han} lgyperbolic tai In3
: e’ —e M 4
sinh (In 3) —m =3
cosh (In 3) :% = g;tanh (In 3) :§; coth(In3) = Z

Vi du 1.2. Giai cac phuong trinh bat phuong trinh sau

a. e 4 e =

Lo | oo | Ot

b. 6390 _ e—Sx Z
3

C. af”—a_x<§,0<a7é1.

Léi gidi.
5 eQw + €—2x
a. el te T = — =

2 2
& cosh2x = cosh(In2) & 2z =

(0; +00) va nghich bién trén (—oo;0).
Vay phuong trinh c6 hai nghiem = = +1n /2.
8 3 _ —3x
b. €3 —e737 > 3 = % > 3 < sinh 3z > sinh(In3) < 3x > 1n3
do ham sinh x dong bién trén R.
Vay bat phuong trinh c6 nghiém = > In /3.

H- w1 O

In2 do ham coshz dong bién trén

exlna _ e—xlna

2

3 3
c. A —a v < — & etlha _ pmwlna - T < =
2 2 4

& sinh(zlna) < sinh(In2) < zlna < In2.

) ) In 2
Néu a > 1 bat phuong trinh c6 nghiém z < na & o < log,2.
na

) ) 2
Néu 0 < a < 1 bat phuong trinh ¢6 nghiém x > 1n— & x> log,2.
na

Vi du 1.3. Chting minh bat déng thiic
a. coshx > 1, Vr € R.



b. —1 <tanhz <1, Vz € R.
c. cothx > 1, Vx>0 & cothx < —1. Vo <O.
d. sinh®z + cosh®z > 1, Va € R.
Loi giai.
a. coshx > 1, Vo € R.
Ap dung bat ding thic AM-GM ta duoc

e’ +e " PN
coshx = — > Vet.e = 1. Dau bang xay ra < x = 0. Tu do6 ta

c6 diéu can chiing minh.
b. —1 <tanhz <1, Vz € R.
faco ef—e 21 2
tanhx:€x+e—z ~ :1—62I+1.
Do e* >0 = —1 < tanhz < 1. Vx € R.
c. cothx > 1, Vx>0 & cothzx < —1. Vo <0

1
Ta ¢6 cothr =—— Vo # 0 va —1 < tanhz < 1, Vo € R tut d6 ta co
tanh z

diéu can ching minh.
d. Bién doi theo dinh nghia va ap dung bat ding thic AM-GM ta dugc

T —z\ 3 iy —z\ 3 3x —x
et —e e’ +e e’ + 3e
sinh”x + cosh™x (—2 ) +( 7 ) 1

3z —x —x —
(& e (& e
= + —Z + > V3t et ot ot = 1,

Dau bang x4y ra khi va chi khi z = 0. Tt d6 ta c6 diéu can chitng minh.

1.2 Mot vai hang dang thiic co ban gitta cac 16p ham
hyperbolic
1.2.1 Cac hing dang thic co ban giita cac 16p ham hyperbolic

a. cosh?z — sinh’z = 1.
b. tanh z cothz = 1.

5 1
c. 1 —tanh“x =

coslh2:1:'
5—, v # 0.

sinh“x

d. coth®z — 1 =
Ching manh.




a. cosh?z — sinh’z = 1.
et +e* 2 ef — e\ 2
Ta c6 cosh’x — sinh’z = (T) — (—) = 1.

b. tanhx cothx = 1.

Ta co . N N .
e’ +e et —e”
tanhzcoshez = — | .| ——— | = 1.

1
c. 1 — tanh’z = 5
cosh“x )
inh 1
Do cosh?z — sinh?*z =1 nen 1 — i 296 = 5— hay
1 cosh“x  cosh“x
1 — tanh’z = 5
cosh”x
d. coth’z — 1 = ———,Vx # 0. Do  # 0 nén cosh’z — sinh?z = 1 va
) sinh“z
cosh“z 1 1
—1= hay coth?z — 1 = ,Va # 0.
sinh’z sinh’z Y sinh’z 7

1.2.2 Cac vi du

Vi du 1.4. Cho coshx = 2. Tinh céc gia tri sinh x, tanh x, coth , biét réng
x < 0.

Loi giai.
Ta c6 cosh’z —sinh?z = 1 nén sinh?z = cosh’z —1 = 3 va sinhz = +/3.

Do x < 0 nén sinhx < 0. Vay sinhx = —\/5; tanhz = ;cothx =

—2

V3’
Vi du 1.5. Cho tanhz = 3. Tinh gia tri cac biéu thitc sau

3sinh x + cosh z

"~ coshz + 2sinh 2’
B = sinh®z + 3 sinh 2 cosh x — 6 cosh® .

Lot giai. Ta co

sinh x
A_Scoshx+1_ 3tanh +1 _9
1+281nh:1: 1+ 2tanhx 7
cosh x



Twong tu, ta co

B

2

— tanh?z + 3tanh x — 6.
cosh“x

Suy ra
B (1 — tanth) = tanh?z + 3tanh z — 6.
3
Thay tanhz = 3 ta duge B.(—8) = 12 hay B = —5

Vi du 1.6. Chiitng minh cac bic¢u thic sau khéng phu thudc vio x

A= \/Sinh4:L' + 9cosh?zr — 1 — \/00549: — 9sinh’z — 1.
sinh*z + cosh*z — 1

B = Vo # 0.
sinh®z — cosh®z + 1 7

C = (%) — (1 + tanh2:1:) (1 + COth2:U) )

Lot giai. Ta co

A= \/sinh4x + 2(1 +sinh?z) — 1 — \/cos4x —2(cosh?z — 1) — 1

= \/(Sinh% + 1)2 — \/(cosh% — 1)2 — sinh?z + 1 — cosh®z + 1 = 1.

B sinh*x + cosh*z — 1

B=- 6 6
sinh’x — cosh”x + 1

: : 2
sinh*z + cosh®z — (cosh®r — sinh?z)

: : 3
sinh®z — cosh®z + (cosh?r — sinh?z)

2sinh’zcosh’x -2

_3sinh®zrcosh’z 3

C = (%) — (1 + tanh2:z:) (1 + coth2:1:)

1
= 5 — 2 4+ tanh?z — 1 — tanh?z — 1 — coth’z = —4.
tanh“x



Vi du 1.7. Chting minh bat déng thiic
In (cosh(2z + 3)) < cosh(2x + 3) — 1.

Loi giai. Xét ham s6 y = In (cosh(2x + 3)) — cosh(2x + 3),Vz € R. Ta ¢6

,  .sinh(2z + 3)

~ “cosh(2z + 3)

J' = 4cosh?(2z + 3) — 4sinh?(2x + 3)
cosh?(2z + 3)

—4cosh(2x +3) <0,Vz € R

— 2sinh(2z + 3)

— 4 cosh(2zx + 3)

4
 cosh®(2z + 3)

-3 -3 3
Dodéy§y<7>+y’<7).<x+§> <y < —1 nén

In (cosh(2x + 3)) < cosh(2z + 3) — 1.

1.3 Mot sdé dang dang thiic gitta cac 16p ham hyper-
bolic

1.3.1 Cong thic cong

cosh (z + y) = cosh x cosh y + sinh x sinh y (1)

cosh (z — y) = cosh x cosh y — sinh z sinh y (1)

sinh (z + y) = sinh x cosh y + cosh z sinh y (2)

sinh (z — y) = sinh ?1 cosh y —hcosh xsinhy (2
tanh r 4+ tanhy

tanh (z +y) = 1 + tanh x tanh y )

tanh ( — ) tanh z — tanhy (3)

1 tanh z tanh

Ching minh. Ta co
e +erel+e Y et —eTel —eY

+
e"tY eV ’ ’ . ’ .
= 5 = cosh(z + y) = (1). Trong cong thic (1) thay y bang
—y, ta dugc

cosh x. cosh y + sinh . sinhy =

cosh (z — y) = cosh x cosh(—y)+sinh x sinh(—y) = cosh x cosh y—sinh x sinh y.



Day chinh 1a (1').
Cac cong thic con lai duge chiing minh tuong tu. T cong thic cong ta
cing dé dang ching minh dudce cac cong thic sau day

1.3.2 Cong thic nhan

sinh 2z = 2sinh x cosh «
cosh 22 = cosh’?z + sinh’z

— 2cosh’zr — 1

= 1 + 2sinh’z
tanh 233 = Qta—nha;
1 + tanh“z

sinh 3z = 4sinh®z + 3sinh x

cosh 3z = 4cosh®z — 3 cosh .
1.3.3 Coéng thic bién doi tich thanh tong

1

coshz coshy = 5 [cosh(x + y) + cosh(z — y)]
1

sinh z sinh y = 3 [cosh(x 4+ y) — cosh(z — y)]

1
sinh x coshy = 5 [sinh(z + y) + sinh(z — y)] .
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1.3.4 Coéng thic bién doi tong thanh tich

cosh z+ cosh y = 2 cosh Ty cosh =¥
coshx — coshy = 2sinh u ;_ Y sinh ; Y
sinh x + sinh y = 2sinh Ty cosh 2 ; Y
sinh x — sinh y = 2 cosh rTry sinh a ; Y
inh

tanh x 4+ tanhy = sinh(z +y)

cosh x cosh y

sinh(z — y)

tanhx — tanhy = :
Y cosh x cosh y

1.3.5 Cac vi du

Vi du 1.8. Chiing minh ring
sinh x 4 sinh 3x + sinh 5z

a. = tanh 3z.
cosh x+ cosh 3x + cosh bz
b. tanh x4+ tanh 22z — tanh 32 = tanh x tanh 22tanh 3.

Loi giai.
sinh x + sinh 32 + sinh 5x
a.
cosh x-+ cosh 3z + cosh bx

2 sinh 3z cosh 2z + sinh 3z
— = tanh 3z.
2 cosh 3x cosh 22 + cosh 3z
b. tanh z+ tanh 2z — tanh 3z = tanh 2+ tanh 2z — tanh(z + 2z)
tanh z+ tanh 2z
= tanh x + tanh 22 —

1 + tanh z tanh 22~

1
= (tanh x4 tanh 2 1—
(tanhz+tan $)< 1—|—tanhxtanh2x>

tanh z tanh 2«
1 4+ tanh z tanh 2z

= (tanh x+ tanh 2x) (

B ( tanh x4+ tanh 2x

= tanh 2 tanh 22 = tanh xtanh 2z tanh 3.
1 4+ tanh 2z tanh 2z

11



Vi du 1.9. Tinh céc tong sau:

S,, = sinh x + sinh 22 + sinh 3z + - - - + sinh nx.
T, = coshx + 2cosh2x + 3cosh3x + -+ - + ncoshnz.

Lot gigi. Néux =0thi S, =0
Xét v # 0. Nhan ca hai vé S,, v6i 2sinh g, ta duge 2 sinh gSn =

2 sinh g sinh z + 2 sinh g sinh 2z + 2sinh g sinh 3z + - -+ + 2sinh g sinh nx

3x T hx 3x
— h=—= — h= h— — h =
(cos 5 COS 2) + (COS 5 COS )

2
7 5 2 1 2n — 1
+ cosh—x—cosh—x + --+-+ [ cosh n T — cosh n T
2 2 2 2
2 1
= cosh n x—coshg.
Suy ra
2 1
cosh n x—coshE
S, = 2 2
2 sinh —
2
n(n+1)

Néeuz=0thiT,=1+2+3+---+n=
Xét x # 0, thi

2

S, = coshx + 2 cosh 2z + 3cosh 3z + - - - + ncoshnz.

Suy ra
2 1 !
cosh n2—|— T — coshg
/
2 sinh —
2
2 1 2 1 1 2 1
nt sinh nt T — —sinhz QSinhg — Coshg cosh n T — coshf
2 2 2 2 2 2 2 2
4 sinh? z

2n+1 2n+1

(2n + 1) sinh x. sinhg — sinh2g — cosh x coshg + cosh?s

2

4sinh? r
2

12



2n+1

1
1+ (cosh(n + 1)x — coshnx) — 5 (cosh(n 4+ 1)z + cosh nx)
N 4sinh2>
2
_ 1+4+ncosh(n+ 1)z — (n+1)coshnz
= T
4sinh*=
sinh”7
_ n(cosh(n + 1)z — coshnz) 4+ 1 — coshnw
= T
4sinh*=
sinh”;
2 1
o sinh — il zsinh & — 2sinh? o

= 2 2
4sinh?
2

2 1
nsinh ~ il 2sinh = — sin k2o
_ 2 2

7 :
2sinh”=
sinh”7

Vi du 1.10. Chitng minh béat dang thrc

cosh(5z — 7) > /2522 — 702 + 50.

Loi gidi. Xét ham s6 y = cosh?(bx — 7) — (5 — 7)° + bz — 1, Vo € R.
Ta co

y' = 5sinh (2(5x — 7))—10(52x—7)+5; y" = 50 cosh (2(5z — 7))—50 > 0, Vz € R.

TN (Vo T
Y=I5) TG 5)
. 7 / 7 ~ 2 2
Ta 6 y c =Ty s = 5 nén cosh*(bx = 7) — bz = 7)" + bz —1 >
7
T+5|x— =
(o)

Suy ra cosh?(5z — 7) > 2522 — 70z + 50.
Tit d6 ta c6 diéu can chiing minh cosh(5z — 7) > v/2522 — 70z + 50.

Do do

13



Chuong 2

Mot s6 bai toan ap dung lién quan
t61 16p ham hyperbolic

2.1 Mot s6 16p phuong trinh, bat phuong trinh
2.1.1 Cac phuong trinh co ban

St dung dinh nghia va tinh chat ctia cac ham lugng giac hyperbolic ta
xay dung cong thiic nghiém cua cac phuong trinh co ban sau

sinhr =a< z=In(a+va*+1),a € R.

coshx =a< z=In(a£++Vva®>—1),a € [1; +0)

1. 14a
tanh 2 — L “1:1).
anhz =a & o 2n1_a,a€( ;1)
1. a+

cothx:a(:)x:§ln 1,OLE(—oo;—l)u(l;—|—oo).

a J—
Tiép theo ta xét mot vai bai toan giai phuong trinh trén tap sé thuc nhu sau
Bai toan 2.1. Giai phuong trinh

cosh 4z = cosh’z.

Li gidi. Ap dung cong thic nhan doi ta ¢6 phuong trinh tuong duong

1 + cosh 2z

2cosh?2z — 1 = & 4cosh?2x — cosh 22 — 3 =0

cosh2z =1

3 =
cosh 2z = ~1 (loai) cr=0

Vay phuong trinh c6 nghiém duy nhat x =0 .

14



Bai toan 2.2. Giai phuong trinh
cosh 4z = cosh?3x + 2sinh’z.

Lo gidi. Ap dung cong thic goc nhan doi ta c6 phuong trinh tuong duong
1 4 cosh 6z cosh2z — 1
+2
2 2

& 4cosh?2x — 2 = 4cosh®2x — cosh 2z — 1

& 4dcosh®2x — 4cosh®2z — cosh2z +1 =0

& (cosh 2z — 1) (4cosh?2z — 1) = 0

cosh2xr =1

1
cosh?2x = 1 (loai)

2cosh?2x — 1 =

< x=0.

Vay phuong trinh c¢6 nghiém duy nhat z = 0 .
Bai toan 2.3. Giai phuong trinh
sinh 3x = cosh 2z + 4.

Loi gidi. Ap dung cong thitc nhan ba ta ¢6 phuong trinh tuong duong
sinh 3z = cosh 2z + 4 < 4sinh®z + 3sinh 2 = 2sinh®z + 5

& 4sinh®x — 2sinh®z 4+ 3sinhz — 5 =0
& (sinhx — 1) (4sinh®z + 2sinhz 4+ 5) = 0
@sinhleﬁx:ln(l—l—\/ﬁ).
Vay phuong trinh c¢6 nghiém duy nhat z = In (1 + \/5) .
Bai toan 2.4. Giai phuong trinh
3sinh®z — 3sinh?z cosh z + 3 sinh zcosh?z — cosh®z = 0.

Li gidi. Chia ca 2 vé cho cosh®z ta dugce

sinh®z sinh’x sinh z

— —1=0
cosh®x cosh’x cosh z

& 3tanh®z — 3tanh®z + 3tanhz — 1 = 0
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& 2tanh®z = (1 — tanh )’ < tanhz =

V2 +1

1
1+ 5
1 3 1 2+ 2
@x:—lnﬂﬁx:—ln\/_jL )
2 1 2 /2

1_
V2 4+ 1

V2 42
V2

) 1
Vay phuong trinh c6 nghiém duy nhat x = 3 In

Bai toan 2.5. Giai phuong trinh
sinh zcosh?z — sinh 2z — sinh?x + sinh x + 2coshz = 2.
Loi gidsi.
Phuong trinh bién déi thanh
sinh zcosh?z — 2sinh z cosh z + 1 — cosh?z + sinh z + 2coshx = 2
& cosh?z (sinh2 — 1) — 2cosh 2 (sinhz — 1) +sinhaz — 1 =0

sinhx =1

(sinhz — 1) (COShQZC —2coshz +1) =0« [ coshz =1

(:)[ v =1 (1+2)

x = 0.
Vay phuong trinh ¢6 hai nghiém z =0 va x = In <1 + \/5) .
Bai toan 2.6. Giai phuong trinh
sinh 2z + cosh 2x — 2sinhz — 5coshx + 4 = 0.
Loi gidi. Phuong trinh bién doi thanh

2sinh  cosh z + 2cosh?c — 1 — 2sinha — 5coshx 4+ 4 = 0
& 2sinh x (coshz — 1) 4 2cosh?*z — 5coshz +3 =0

coshz =1

(coshx — 1) (2sinhx + 2coshz —3) =0 & 2sinhx +2coshx — 3 =0.
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V6i coshz = 1 ta dugc coshx =1 < z = 0.
V6i 2sinh x + 2coshx — 3 = 0 ta ducce

2¢sinhz + 2coshz —3 =0 < 2V 1 + sinh’z = 3 — 2sinh

< 3

sinhx < =

3—2sinhx >0 -2
4 (1 + sinh®z) = (3 — 2sinh z)° A . 5
smhxzﬁ

& o =In E—l— E 2—1—1 & =1In §
- 12 12 - 2)"

Vay phuong trinh ¢6 2 nghiém x = In (;) va x = 0.
Bai toan 2.7. Giai phuong trinh
sinh 2z + 2 cosh 2z — 2v/3 cosh z + 2 = 0.
Lot giaa.
Phuong trinh bién déi thanh

2 sinh x cosh x + 2cosh’x + 2sinh?x — 2v/3 coshz + 2 = 0
& 4sinh z cosh © 4 4cosh®z + 4sinh®z — 4v/3coshz + 4 = 0
& 4sinh?z + 4 sinh 2 cosh 2 + cosh?z + 3cosh®z — 4v/3coshz + 4 = 0

2
& (2sinh z + cosh z)® + <\/§coshx — 2> =0

1
1 a::—ln(—)
@{ 2sinhx + coshz =0 o tanh:l::—§<:> 2 3
. 2
V3coshzr —2 =0 coshr = — O N ii 1 i
V3 V3 3

1 1
Vay phuong trinh c6 nghiém z = 3 In (§>

2.1.2 Ung dung trong giai phuong trinh dai sb

Mot trong nhitng tng dung ctia cac ham lugng giac hyperbolic la giai cac
phuong trinh bac ba khong can sit dung sé phtic.
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Trude hét, ta xét cach gidi cac phuong trinh bac 3 véi he s6 thue.
a. Phuong trinh dang 423 — 3z = q. (1).
Truong hop 1. Néu |¢| < 1 ta dat x = cost,t € [0; 7] phuong trinh tré
thanh cos3t = q¢ & t = i% arccos q + ?, tit do ta tim dugc 3 nghiém
t1,t2,t3 € [0; 7] suy ra phuong trinh (1) ¢6 ba nghiém costy, costy, costs.
Truong hop 2. Néu ¢ > 1 ta c¢6 thé dung dao ham dé ching minh dugc
phuong trinh c¢6 nghiém duy nhat, ta diat ¢ = cosh 3t phuong trinh tré thanh
42* — 32 = cosh 3t < 423 — 3z = 4cosh®t — 3cosht
Suy ra phuong trmh ¢6 nghiém x = cosht. Ta c6

1
coshSt:q(:)t— ln (g++/¢?> — 1). Suy ra x = cosh <31n( q2—1)>

. | o= cosh %1n(q+\/q?7—1)
_ x = cosh %m(q—\/q?j)
_ % a+ @ = +(\/q+\/q7—>
" o=t (v ()
-
SIS RN

Vay phuong trinh c6 nghiém duy nhat

(Yo vE TV *

Truong hgp 3. Néu ¢ < —1 viét phuong trinh

4(—z)* = 3(—2) = —¢.

Dit y = —x ta dudce phuong trinh 4y — 3y = —¢ day chinh la trudng hop

da xét.
b. Phuong trinh dang 423 + 32 = q. (2)
Ta c6 thé chiing minh phuong trinh (2) c6 nghiém duy nhat

18



Ta dit g = sinh 3t ta duge phuong trinh
42° + 31 = sinh 3t < 42° + 3x = 4sinh®t + 3sinh ¢

Suy ra phuong trinh ¢6 nghiém x = sinht¢. Ta c6

1 1
sinh3t =g &t = gln(q:I: V¢*+ 1) < z =sinh <§ln(q+ \/q2+1)> .
1 /. ,
T do6 ta duge nghiem x = 5 <</q—|— ¢+ 1+ \‘S/q— \/q2—|—1> EEY

c. Phuong trinh 2° + px = ¢.(3) Ta c6 thé dua phuong trinh (3) vé dugc
dang (1) hosic (2) bang cach dit x = my; m? = +4p.
d. Xét phuong trinh

ax® +bx’ +cx+d=0,a#0.

Ta chia ca hai vé cho a ducc

b d
x3+—x2+£x+—:0,a7é0.
a a a

. . b
Phuong trinh trén dugc quy ve dang (3) bang phép diat y = x + 3
a

Ta xét moi vai bai toan minh hoa sau

Bai toan 2.8. Giai phuong trinh 2° — 32 = 10.
3

Loi giai. Diat x = my ta duge m3y® —3my = 10 chon SE =3 hay m = 2.
m
Thay vao ta duge 8y — 6y = 10 & 4> — 3y = 5.
Ap dung cong thitc nghiem (*) ta dugc

y:%(\s/?)—#\/ﬂ—k 35—@).Suyrax:(\3/5+\/ﬂ+ 35—@)-

Bai toan 2.9. Giai phuong trinh 2® — 120 = —32.

m3 4

Loi gidi. Dat v = my ta duse m?y® — 12my = —32 chon Tom = 3 hay
m = 4.

Ta duge phuong trinh 64y? — 48y = —32 < 443 — 3y = —2 < 4(—y)* —
3(—y) =2 dat z = —y,

ta ducc 423 — 32 = 2. Ap dung cong thiic nghiem (*) ta duge

z:%<€/2+\/§+\3/2—\/3).Suyrax:—2<\3/2—|—\/§—|— 32—\/§>.
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Bai toan 2.10. Giai phuong trinh 2 + 5z = 1.

3
m 4
Lot giai. Dat x = my ta dugc m3y3 + bmy = 1 chon o = 3

m
hay m = \/
Thay vao ta dugc —\/ \/ y =1

& Ay 4 3y =
Y y5\/_

Ap dung cong thitc nghiem (**) ta dudc

1 ,/3V3+V527T ,/3V3 — /527
y=z + . Suy ra
2 5v/20 5v/20
o 3v/3 + /527 L 3v/3 — V527
V3 5v/20 5v/20

Bai toan 2.11. Giai phuong trinh
z® — 32° + 41+3 = 0.
Loi gidi. Ta bién doi nhu sau
233144243 = 0 © 2° =322 43— 1+2+4 =0 (z — 1)’ +(z—1) = —5.

Dit y = o — 1 phuong trinh tré thanh y® +y = —5.

Dit ta duge m323 + 5 ehon ™ = 4, 2
at y = mz ta cm’z mz = —5 chon — = - hay m = —.
ALY . T 3 Yy \/§
Thay vao ta dugc
8 2 —154/3

23 4+ 2=-5ho 43 +32 = \/_
3vV3 V3 2

Ap dung cong thitc nghiém ciia phuong trinh (2), ta dudc

1 §/15¢§+ Vo9 \3/15@ m)
2 2 '

1 \?/—15\/§+\/@ \?/—15\/—\/@ ,
7 : + 5 +
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Tiép theo, ta xay dung l6p cac phuong trinh tuong tng va cac ap dung

lién quan.

sinhu = sinhv < 2cosh (u—;—v) sinh (U;U> =0
_ u—v
<:>smh< ><:>u:v.
2
sinhu = —sinhv < 2sinh (u—;v) cos h <u—v> =0
. <u+v>
& sinh S U= —0.
2
coshu:coshv(:)2sinh(u—QHJ)sinh(u;U =0

< S1n 9 = u=.

sinh (u — v)

tanh v = tanhv < =0
cosh u cosh v
& sinh (u —v) & u = w.
inh
tanhu = — tanhv & sinh (u + v) =0

_ coshucoshv
& sinh (u +v) & u = —v.

Nhan xét 2.1. Néu a?—0? = 1 thi tdn tai s6 thic u sao cho |a| = coshu; b =

sinh u. Ta xét mot vai bai toan don gian nhu sau.

Bai toan 2.12. Giai phuong trinh
Vi4 Vit —z(1+2v1+27),

Lot giai. Dat x = sinh 2t phuong trinh tré thanh

V14 V1 £ sinh®21 — sinh 21 (1+2v/1+ sinb?2t)
& \/1 + V cosh?2t = sinh 2t <1 +2V cosh22t)

< V1 + cosh 2t = sinh 2t (1 + 2 cosh 2t)
& V2cosht = 2sinhtcosht (1 + 2(1 + 2sin’t))
& V2 = 2sinht (3+ 4Sin2t)

sinh3tzi<:>t:11n L+v3
V2 3 V2
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@xsmh( <

2

1 f1+V3 1+v3)\ 3
B R YE NG

Bai toan 2.13. Giai phuong trinh

—1 1
Vazt—14+x+4=3 * +5 Xt
2 2
Lot gidi. Diéu kien x > 1. Diat o = cosh 2t phuong trinh tré thanh
h2t —1 h2t +1
Vcosh?2t — 1 4 cosh 2t + 4 = 3\/COST+5\/%
& [sinh 2| + cosh 2t + 4 = 3 |sinh ¢| 4 5 cosh .

Nhan xét rang néu phuong trinh c6 nghiém ¢ thi cling c6 nghiem —¢ nén ta
chi xét t > 0. Khi d6 phuong trinh tré thanh

sinh 2¢ + cosh 2t +4 = 3sinh ¢ + 5cosh t
& 2sinh t cosht + 2cosh®t — 1 — 3sinht — 5cosht +4 =0
& sinht (2cosht — 3) 4 2cosh?t — 5cosht +3 = 0

(NN GV

< (2cosht — 3) (sinht + cosht — 1) =0 < cosht =
sinh ¢ + cosht = 1.

3 7
lecosht——:>:1:——

Véi sinh t + \/Slnh2t+1 =1« \/Sinh2t+1 =1 —sinh?¢ < sinht :7 0<

t =0 = x = 1. Thay lai ta dugc phuong trinh c6 nghiém x = 1;x = 5
Bai toan 2.14. Giai phuong trinh

1622 + 72 = 3v1 + 22,

Lot giai. Dat x = sinht phuong trinh tré thanh
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16sinh®t + 7sinht = 3v/1 + sinh?t

& 16sinh’t + 7sinht = 3 cosht < 16sinh®t + 12sinht = 5sinh ¢ + 3 cosh ¢
5 3
& 4sinh®t + 3sinht = 1 sinht + 1 cosh t.

5
~ = coshu = 1
Tu (Z) — <Z> =1 ta dugc . trong d6 u = In 2.
Cha
sinhu = -
Ta dugc phuong trinh
. : : . : u In2
sinh 3t = cosh usinh t4sinh w cosht < sinh 3t = sinh (t + u) < t = 5= 5

In 2 1
Thay vao ta dugc x = sinh ( - ) = :
2 2v/2

Bai toan 2.15. Giai phuong trinh
3221 — 3222 — br +4 = 3/22 — 1.

e e e r>1
Lot giar. Dieu kién [ < —1

+Néu x > 1. Dat x = cosh t phuong trinh tré thanh
32cosh*t — 32cosh?t — 5cosht + 4 = 3V cosh?t — 1

& 32cosh*t — 32cosh?t — 5 cosht + 4 = 3V sinh?t
< 4cosh4t = 5cosht + 3 |sinht|.

Nhan xét rang néu phuong trinh c¢6 nghiém ¢ thi ciing c6 nghiém —¢ nén
ta chi xét ¢ > 0. Phuong trinh tré thanh

4 cosh4t = 5cosht + 3sint < cosh4t = Zcosht + gsint

—In2
4t = —t —In2 b= 5 In2
(:)cosh4t:cosh(t—|—1n2)(:)[ At —t+1n2 < t:hl_2 (:)tZY'
3
In 2 V4 +1
Thay vao ta dugc x = cosh (n_) :\/_3+ :
3 2v/2
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+Néu x < —1, diat £ = — cosh ¢ phuong trinh tré thanh

32cosh*t — 32cosh®t + 5 cosht + 4 = 3v/cosh®t — 1
& 32cosh?t — 32cosh?t + 5 cosht + 4 = 3V sinh’t
& 4coshdt = —5cosht + 3 |sinh .

Nhan xét rang néu phuong trinh c6 nghiém ¢ thi cling c6 nghiem —¢ nén ta
chi xét ¢t > 0. Phuong trinh tré thanh

5 3
4 cosh4t = —5cosht + 3sint < cosh4dt = — (Z cosht — Zsint)

< cosh4t = —cosh(t — In2) & @.

Vay phuong trinh c6 nghiém

(ln2) V4 +1
r=cosh|— | =

3 22
Tuong tiu, ta xét cic bat phuong trinh lién quan.

Hoan toan tuong ti ta ciing xay dung mot s6 bat phuong trinh gitta cac
ham luong giac hyperbolic ¢co ban nhu sau.

sinh v > sinh v < 2 cosh <u ;_ v) sinh (u ; v) >0

u—v

< sinh >0 u>w.

sinhu > —sinhv < 2sinh (u;—v) cosh (U;U> >0

@sinh<u+v> >0 u> —v.

coshu > coshv < 2sinh <u+v) sinh (u—v> >0 [ u Z_‘U‘
2 2 u < —|vl.

coshu < coshv < —|v| <u < |v].
sinh (u — v)

tanh v > tanhv < >0« sinh(u—v)>0&u>w.

cosh uhcosh v
tanhu > —tanhv < sinh (u + v)

> (0 < sinh (u+0v) > u > —w.
coshuwcoshv — ( )= -

Ta xét mot s6 bai toan nhu sau.
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Bai toan 2.16. Giai bat phuong trinh
162° + 20x® + 5x — 3 > 0.
Lot gias. Ta co

sinh bz = sinh (3x 4 2z) = sinh 3z cosh 2z + cosh 3x. sinh 2z
= 16sinh’x + 20sinh®*z + 5 sinh z.

Dit z = sinh ¢ bat phuong trinh tré thanh 16sinh®t 4 20sinh®t + 5sinh ¢ > 3

@sinh5tz3<:>5tzln(3+\/1_o)@tzéln(zu\/ﬁ).

) X ) 1
Do ham s0 sinh x dong bién trén R nén x = sinh ¢ > sinh R In (3 + v 10) =

1 1
(3+V10)5 - (34 V10) 5
5 .
1 1
/ <3+\/ﬁ>5—(3+\/l—0)_5
Vay bat phuong trinh c¢6 nghiém : z > 5

Bai toan 2.17. Gii bat phuong trinh
482° 4 602> — 82% + 152 — 4 > 102V 1 + 22.
Lot gidi. Dat x = sinht bat phuong trinh tré thanh

48sinh’t + 60sinh’t + 15sinh ¢ > 10sinh #V'1 + sinh® + 4 (2sinh® + 1)
& 48sinh’t + 60sinh’t 4+ 15sinh ¢ > 5sinh 2¢ + 4 cosh 2

5 4
& 16sinh®t + 20sinh®t + 5sinh ¢ > 3 sinh 2t + 3 cosh 2t.

1
sinh 5¢ > sinh (2t +1n3) < 5t > (2t +1n3) <t > §1n3.

Do ham sb6 sinhz dong bién trén R nén x = sinht > sinh(gln 3) =
1
Ayl 3
3 V9-1 o V9 —1
= . Vay bat phuong trinh c¢6 nghiém x > )
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Bai toan 2.18. Giai bat phuong trinh

64x° — 802> + 152 > 3/ 22 — 1.

o e e rz>1
Lor giai. Dieu kién < —1

+Néu z > 1. Dit o = cosh t bat phuong trinh tré thanh

64cosh®t — 80cosh®t + 15 cosht > 3v/cosh?t — 1

& 64cosh’t — 80cosh®t + 20 cosht = 5 cosh t + 3V sinh?t
< 4 cosh bt > 5cosht + 3 |sinh .

Nhan xét rang néu bat phuong trinh c6 nghiém ¢ thi ciing c6 nghiém —t¢ nén
ta chi xét t > 0. - ;
4 cosh bt > 5cosht + 3sint < cosh 5t > 1 cosht + Zsint & cosh bt >

—In2
—t— b= In 2
cosh(t+1n2) < 5§t§> tt+ 11}1n22 & 11162 St > HT Do ham s6
- t> —
- 4
In

2>:xﬂ+1

cosh z dong bién trén (0; +00) nén x > cosh (— .
+ Néu z < —1 ta diat x = — cosh ¢ bat phuong trinh tré thanh

— 64cosh’t + 80cosh®t — 15 cosh ¢t > 3v/ cosh?t — 1

& —64cosh®t + 80cosh®t — 20 cosht > —5 cosh t + 3V sinh?t
& 4coshbt < 5cosht — 3 |sinht|.

Nhan xét rang néu bat phuong trinh c6 nghiém ¢ thi ciing c6 nghiém —t¢ nén
ta chi xét t > 0.
Bat phuong trinh tré thanh

4 cosh 5t < 5cosht — 3sinht < cosh 5t < Zcosht — Zsinht
& coshbt < cosh(t —In2) & — |t —In2| <5t < |t —In2|
<5t <|[t—1In2|,(dot>0)
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i t>1n?2
t>1In2 —In2
5t <t—1In2 t < In 2
< 0<t<mn2 < 0<t<n -
5t < —t+1n2

) , In2
Do ham s6 — cosh x nghich bién trén (0; +00) nén —1 > x > — cosh (%) &
V441

<x < —1.
202 T~ ]
VaA+1
T > ’
Vay bat phuong trinh c6 nghiém : VI %\/5
- <x < -1
2v/2

Bai toan 2.19. Gii bat phuong trinh
4/22 — 1+ 22 +8 <22z — 2+ 7TV2x + 2.
Lot gidi. Diéu kien x > 1. Diat o = cosh 2¢ bat phuong trinh trd thanh

4v/cosh?2t — 1 + 2 cosh 2t + 8 < 3v/2cosh 2t — 2 + 7v/2 cosh 2t + 2
< 4 |sinh 2¢| + 2 cosh 2t + 8 < 4 |sinh t| 4+ 14 cosh t
< 2|sinh 2¢| + cosh 2t + 4 < 2|sinh t| 4+ 7 cosh t.

Nhan xét rang néu bat phuong trinh ¢6 nghiém ¢ thi cling c6 nghiém —t nén
ta chi xét ¢ > 0. Bat phuong trinh tré thanh
& 2sinh 2t 4+ cosh 2t +4 < 2sinh ¢ + cosh ¢

& 4sinhtcosht + 2cosh?t — 1 — 2sinh ¢ — Tcosht + 4 < 0
& 2sinht (2cosht — 1) 4 2cosh®t — Tcosht +3 < 0

< (2cosht — 1) (2sinht + cosht —3) <0

& 2sinht + cosht —3 <0

2 1
& ——sinht + —=cosht < V3.

V3 V3
9\ 2 1\2 coshu =
Tu <—) — <—) = 1 ta ducc trong d6 u = In V3.
V3 V3 sinhu =
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Bat phuong trinh trd thanh

@sinh(t—i—@)g\/ﬁ@t—i—agln(\/ﬁ—kQ)

@tﬁln(\/g+2)—ln\/§:ln<1+%>.

Thay lai ta dugc bat phuong trinh c¢6 nghiém

r < cosh (21n <1+i>) = M
V3 3

2.2 Mot sd bat dang thiic lién quan 16p ham hyper-
bolic

2.2.1 Céac bat dang thitc hai bién

Ta ¢6 cong thitc cosh’z — sinh®z = 1,¥z € R. Do d6 néu a® — b* = 1 thi
ta c6 thé dit |a| = coshu;b = sinhu. Tl d6 ta c6 thé xay dung mot vai bai

toan don gian sau.

Bai toan 2.20. Cho 2 s6 thyuc o > 0,y € R : 22 — y* = 1.Tim gia tri nho
nhat clua
P = 823 + 49 — 62 + 3y.

Lot gidi. Do 2 s6 thuc z > 0,y € R théa méan 2 —y2 =1nénx >11tu
d6 ta dat x = cosh t;y = sinh¢. Khi do

2 1
P = 2cosh 3t+sinh 3t = V/3 <— cosh 3t + — sinh 375) — v/3cosh (3t + 2),
7 7 ( )

cosh z =
trong do v6i z = In+v/3. Suy ra

sinh 2z =

Sl =Sl

P = /3 cosh (315 +ln\/§> > V3.
Dau bang xay ra khi va chi khi

—Inv3
5

cosh<3t+1n\/§) —le3tthVv3i=0at=
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Thay vao cach dat ta dugc

LoVl 1=V
R

Vay gia tri nhé nhat cta P 1a /3, dat duge khi
Vol 1=V
2\6/§ 7y 2\6/3 .
Bai toan 2.21. Cho 2 s6 thyc z < 0,y € R : 22 — ¢ = 1.Tim gia tri l6n

nhat cia

P =82 + 4y® — 62 + 3y + 2015.

Loi gidi. Do 2 s6 thuc 2 <0,y € R théa man 22 —y> =1 nén oz < —1 tt
do ta dat x = — cosht;y = sinh ¢t. Khi do6

2 1
P = —2cosh 3t +sinh 3t + 2015 = —/3 (— cosh 3t — — sinh 3t> + 2015
V3 V3

= —v/3cosh (3t — z) + 2015,

cosh z =
trong do v6i z = In+v/3. Suy ra

sinh 2z =

Sl =Sl

P = —/3cosh (St —In \/3) 42015 < —v/3 + 2015.

Dau bang xay ra khi va chi khi

Inv/3
3

cosh(St—ln\@):1(:)3t—ln\/§:0<:)t:

Thay vao cach dat ta dugc

V9 +1 V91
2\(73 7y 2\6/§ :
Vay gia tri 16n nhét cia P 1a 2015 — /3, dat dugc khi
V9 +1 V91
2% 7y 2% .
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Bai toan 2.22. Cho 2 s6 thyuc 2 > 0,y € R : 22 — y* = 1.Tim gia tri nho
nhat cua
P = 162* 4 8zy® — 1622 + 4zy.
Loi gidi. Do 2 s6 thuc 2 > 0,y € R théa mén 22 — 4> = 1 nén o > 1 tu
d6 ta dat x = cosh t;y = sinh¢. Khi do
P = 16cosh*t — 16cosh?t + 2 + 8 cosh tsinh®t + 4 sinh ¢ cosh ¢ — 2
= 2 (8cosh't — 8cosh’ + 1) + 2sinh 2¢(2sinh®t + 1) — 2

2 1
= 2cosh4t + sinh 4t — 2 = \/§ (—cosh4t—l— —Sinh4t> -2
V3 V3

= Vv 3cosh (4t + z) — 2,

cosh z = i
trong do . \{g v6i z = In /3.
sinh z = ﬁ
Suy ra P = v/3 cosh <4t +ln ﬁ) — 92> +/3—2. Déu bing x&y ra khi v chi
khi cosh <4t—|—ln\/§) —ledt+InV3=0ct= —11111\/3.
Thay vao cach dat ta dugc
VI+1  1-39
T YT s
Vay gia tri nhé nhat cta P 1a v/3 — 2, dat duge khi
VI+1 1=
T YT
Bai toan 2.23. Cho 2 s6 thuc 2 > 0,y € R : 22 — > = 4. Tim gia tri nhd

nhat cua
P =22 +y° + 102° — 5¢° + 10z + 5y.
Loi gidi. Do 2 s6 thuc # > 0,y € R théa man 22 — > = 4 nén o > 2 tu
do ta dat x = 2cosht;y = 2sinh¢. Khi do
P = 64cosh®t — 80cosh®t + 20 cosh t + 32sinh’t + 40sinh®t + 10sinh ¢
=4 (16cosh5t — 20cosh’t + 5 cosh t) + 2 (16Sinh5t + 20sinh®t + 5sinh t)

2 1
2 (2 cosh 5t + sinh 5t) = 2v/3 (— cosh 5t + —= sinh 5t) = 2v/3 cosh (5t + 2) |
( ) V3 V3 ( )
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cosh z =
trong do v6i z = In+/3. Suy ra

sinh z =

Sl =Sl

P = 2v/3 cosh (575 + In \/5) > 2V/3.

Dau bang xay ra khi va chi khi

In+v/3
P

cosh(5t+ln\/§> —le5t+inV3i=0at=—

Thay vao cach dat ta dugc

Vo+1 1-V0

Tt YT T

Vay gia tri nhé nhat cta P 1a 24/3, dat duge khi
V9+1 1—+/9

Tr = JY = .

vz T

Bai toan 2.24. Cho 2 s6 thuc z > 0,y € R : 22 —y? = 1.Chting minh réng
823 + 4y® + 22% + 2y* — 62 + 3y > 2 + /3.

Loi gidi. Do 2 s6 thuc £ > 0,y € R théa mén 22 — y?> = 1 nén z > 1 ti
d6 ta dat x = cosh t;y = sinh¢. Khi do

VT = 2 cosh 3t + sinh 3t + 2cosh?t + 2sinh?t

2 1
-3 (— cosh 3t + —=sinh 3t> + 2 cosh 2t
V3 V3

= v/3cosh (3t + z) + 2 cosh 2t,

2
coshz = —
trong do \{3 v6i z =In+/3. Suy ra
sinhz = —
V3
VT = /3 cosh (3t+1n\/§) + 2cosh2t > 2 + V3=VvP
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Dau bang x4y ra khi va chi khi

{ cosh (3t+ln \/§) =1

= Q.
cosh2t =1 ¢

Vay
8x3+4y3+2x2+2y2—6x+3y>2+\/§.

2.2.2 Céac bat dang thitc ba bién

St dung céc cong thitc nhan ba két hop véi cac bat ding thiic Karamata,
Bat ding thic Jensen ta xay dung dugc cac bai toan sau day

Bai toan 2.25. Cho a, b, ¢ > 0 thoa méan
(a+\/7>(b+\/f)(c+\/m>:
Tim gia tri nhé nhat cla
P = 4a® + 4b° + 4¢* — 3a — 3b — 3c.

Loi gidi. Giai thiét ta cé a, b, ¢ > 1 nén co the dit

a = coshxz,b = coshy, c = cosh z,
St dung cong thic nhan ba ta duge

P = cosh 3x + cosh 3y 4 cosh 3z.
Do ham cosh z 14 ham ch&n nén ta chi can xét z,y, 2 > 0, khi d6 ta tim ducgc

= (o VT = (54 VET) = (e V).

Do do6 gia thiét viét 1a x + y + 2z = In 10.

Ta lai thay (cosh (3z))” = 9cosh (3z) > 0,Vz nén cosh (3z) 1a ham 16i
trén R.

Ap dung bat ding thic Jensen ta duge

3r+3y+3
P:coshS:L’—l—COShSy—l—coshSzZSCOSh( v 3y+ Z)
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Hay

In10 —1n10 303
P>3ch(lnl0)=3— ¢

2 20
dau bang xay ra khi
/10 + V107
a=b=c= :
2
303

Vay gia tri nho nhat ctia P 1a 50

Bai toan 2.26. Cho a, b, ¢ > 0 va thoa man

(a4 Var=1) (b+ VB 1) (c+ Ve 1) =

Tim gia tri nhé nhat cla

3
P=d+b+ - Z\/BabJr 3bc + 3ca.
Loi gidi. Ta c6 bat dang thic
(a+b+¢)* > 3ab+ 3bc + 3ca.

T do suy ra:

P:a3+b3+c3—Z\/3a6+360+3ca2a3+b3+b3—

4P > 4a® + 4b° + 4¢® — 3(a+ b+ ¢)
e 303 o, :
Theo bai toan 2.25 ta duge P > 20 dau bang xay ra khi

V10 + V107!
5 .

a=b=c=

Vay gia tri nho nhat ctia P 1a %

Bai toan 2.27. Cho a, b, ¢ > 0 va thod man

(a+ Va2 =1) (24 Va2 = 1) (c+ V2 - 1) =

Tim gia tri nhé nhat cia
3

1
P:4a3+32b3+§c3—3a—6b—§c.
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e e & N o a
Loi giai. Dat 2b = b’; — = ta ducc a, V', ¢ > 0 va thod man

(a—l—\/ )(b’+\/ _ )(c’+\/c'2—1):10
P =4a® + 40° + 4¢° — 30 — 30 — 3¢

303 . .
Theo bai toan 2.25 ta duge P > 20 dau bang xay ra khi

,  V10+ V107!

a & 5

Vay gia tri nho nhat cua P 1a %

Bai toan 2.28. Cho a, b, ¢ > 0 va thoa man
<a+\/a27> <b+W> (c+m) = 10.
Tim gia tri nhé nhat cla
P = 4a® + 4b° + 4¢* + 3a + 3b + 3c.
Lot giai. Dit
a = sinh x,b = sinh y, ¢ = sinh z,
doa, b, ¢c>0nén z,y,z > 0, khi d6 ta tim dugc

x—1n<a+\/(127) y-ln(b#—\/bQi) zzln(c+m).

Do d6 gid thiét viét 1a z + y + z = In 10.
St dung cong thitc nhan ba ta dugce

P = sinh 3z + sinh 3y + sinh 3z.

Ta lai thay (sinh (3z))"” = 9sinh (3x) > 0,Vz > 0 neén sinh (3z) 1a ham 16i
tren (0; +00) .
Ap dung bt déng thitc Jensen ta duge

P = sinh 3z + sinh 3y 4 sinh 32 > 3sinh (33: T3y 3Z) .

3

Hay

6lnlO _€—1n10 297
P > 3sinh (In10) =3 =
> 3sinh (In 10) 5 50"
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dau bang x4y ra khi

V10 — V107!
5 .

a=b=c=

297
Vay gia tri nho nhat cia P 1a 50

Bai toan 2.29. Choa > 0;b > —1; ¢ > 1 va thoa méan
(a+\/r) <b+1+¢m> (c_1+m) =
Tim gia tri nhé nhat cla
P = 4a® + 40° + 4¢* + 120" — 12¢% + 3a + 15b + 15¢.
Loi giai. Datb+1=0V0;c— 1= thia, V,d > 0. Ta dugc
(a+ Va51) (¥ + Vo2 +1) (¢ + V2 1) =10,

Khi do6
P =40 + 407 +4¢”% + 30+ 3V + 3¢

Theo bai toan 2.28
In 10 —In10 2097

€ — €
P > 3sinh (In 10) = _
> 3sinh (In10) = 3 2 20
dau bang xay ra khi
310_310_1
a:b/:C,:
2
Suy ra
/W -—Vio ,_VI0-V10! | _\R/E—?’m—l+1
“= 2 2 ,C = 2 .
297
Vay gia tri nho nhat cia P 1a 50

2.2.3 Bat dang thiic trong tam giac véi 16p ham hyperbolic

St dung cac cong thic bién ddi cac ham hyperbolic véi cac géc trong tam
giac két hop véi cac bat dang thitc Karamata, Bat dang thiic Jensen ta xay
dung dugc cac bai toan sau day
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Bai toan 2.30. Chitng minh rang trong moi tam giac ABC' ta luon c6
sinh 3A-+ sinh 3B + sinh 3C' > 3 sinhr.

Loi gidi. Ta c6 thé giai bai toan theo hai cach nhu sau
Cach 1: Bién ddi truc tiép dua vao tinh chat coshz > 1. Va € R.

sinh 3A+ sinh 3B + sinh 3C'+sinh 7

A B A—3B —
= 2sinh % cosh % + 2sinh 30; il cosh 3¢ -
3A+ 3B 3C + 7

> QSinhT + 2sinh

.. 3A4+3B+3C+m 3A+3B—-3C —7
= 4 sinh 1 cosh 1

A B
> 4sinh3 9 4+ 3¢+ — 4sinh 7.

Suy ra
sinh 3A+ sinh 3B + sinh 3C' > 3 sinh 7.

DAau bang xay ra khi va chi khi

( A—3B
COSh%zl
3C —
< cosh 7T:1
3%%+SB—3C—7T
\ cosh 1 =1

©A=B=C=7.
Céach 2: Xét ham s6 y = sinhz. Do (sinhz)” = sinha > 0,Vx > 0 nén
ham s6 sinh z 16i trén (0; +00) nén
3A+3B+3C

sinh 3A+ sinh 3B + sinh 3C' > 3sinh 3

< sinh 3A+ sinh 3B + sinh 3C' > 3 sinh 7.

PN 7
Dau bang xay ra khi va chi khi A =B =C = 3
Ta c6 thé tong quat thanh bai toan sau:Ching minh ring trong moi tam
giac ABC ta luon cé

sinh A+ sinh B + sinh C' > 3sinh %T, k> 0.

36



Bai toan 2.31. Chitng minh rang trong moi tam giac ABC' ta luon c6

cosh KA+ cosh kB 4+ cosh kC' > 3 cosh kg, k> 0.

Loi gidi. Xét ham s6 y = coshz Do (coshz)” = coshz > 1,V € R nén
ham s6 cosh z 16i trén R nén

A+B+C

cosh kA+ cosh kA + coshkA > 3coshk 3

& cosh KA+ cosh kA + cosh kA > 3 cosh kg

PN 7
Daubéngxéyra<:>A:B:C:§.
Bai toan 2.32. Chiing minh riang trong moi tam gidc ABC' ta luon c6

tanh kA-+ tanh kA + tanh kA > 3 tanh k% k> 0.

) 2tanh
Loi gigi. Xét ham s6 y = tanhz. Do (tanhz)” = ai2 T 0,Vz > 0.
cosh”x
Suy ra y = tanh z 16i trén (0; +00) nén
A+B+C
tanh KA+ tanh kA + tanh kA > 3 tanh k%, k>0

& tanh KA+ tanh kA + tanh kA > 3 tanh k%
Dau béang x4y ra khi vi chi khi A= B =C = g
Bai toan 2.33. Chitng minh rang trong moi tam giac ABC' ta luon c6
A B c _ 3
sinh2§+sinh2§ + sinh2§ > 5 (cosh% — 1) .
Lot giai. Ta c6 cong thic

x coshz —1

sinh?= =
2 2
nén
A B C coshA—-1 coshB—-1 coshC -1

. h2— . h2_ . h2—:
sin 5 +s1n 5 4+ sin 5 5 + 5 + 5
B cosh A+ cosh B +coshC 3
_ 2 - 5.
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Ap dung bai toan 2.31 véi k=1 ta duge
cosh A + cosh B + cosh C > 3 cosh g

Suy ra

5 A B C
sinh? 5 +s1nh2§ + sinh?® 5

Dau béang x4y ra khi vd chi khi A= B =C =

l\DIOJ
~~

cosh% — 1) :

wl

Bai toan 2.34. Chitng minh rang trong moi tam giac ABC' ta luon c6

A B cC _ 3
COShZE—I-COShz? + coshQE > 3 (coshg + 1) )

Lot giai. Ta c6 cong thic
coshz + 1

cosh2§ =
2 2

nén

,C coshA+1 coshB+1 coshC+1
h— = 5 + 5 + 5

A B
cosh2§—|—cosh2§ + cos

B cosh A + cosh B+ coshC 3

2 2
Ap dung bai toan 2.31 véi k = 1, ta dugc
cosh A + cosh B + cosh C' > 3 cosh g

Suy ra

2C
2 =

l\DICo

5 A o B
cosh? 5 ~+cosh? > + cosh? cosh T + 1) )

3
Dau bang xay ra khi va chi khi A= B =C = T

3
Bai toan 2.35. Chitng minh rang trong moi tam giac ABC' ta luon c6
— A — —C
sinh A+ sinh B + sinh C' > sinh T + sinh T 4+ sinh T .
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Lot giai. Ta co

A+ B A-—B —
i cosh > QSinhW 5 C,

B+CCOShB_OZQSinh7T—A

C+AcoshC_A 22sinh7T_B.

sinh A+ sinh B = 2sinh

sinh B+ sinh C' = 2sinh

Y

sinh C'+ sinh A = 2sinh

Do do

_A _ B _
T Jrsinh7T +Sinh7r 20.

sinh A+ sinh B + sinh C' > sinh

DAu bing xdy ra khi va chi khi A= B = C = g

Bai toan 2.36. Chitng minh rang trong tam giac ABC' ta luon cé

A B C A B C
A D SRS A b c
sinh 5 + sinh 5 + sinh 7 = tanh 5 + tanh 5 + tanh 5

) LT x
Lot giair. Xét ham sO y = sinh 5 tanh 5; Vo > 0. Do

, 1 hx 1 1
Yy =—-cosh—- — ————,
2 2 2(:osh2E
2
1 T Sinhg
y" = =~ sinh = 4 = == >0,Vz > 0.
4 2 2008h3§

Suy ray(z) > y(0)+y'(0).(x—0),Vz > 0. Do d6 sinhg—tanhg > 0;Vz > 0.

Thay « lan lugt béi A, B, C vao bat dang thiic 16i cong vé ta duge dicu
phai chiing minh

A B C A B C

sinh §+ sinh 5 + sinh 3 > tanh 3 + tanh 5 + tanh 7

Dau bang x4y ra khi va chi khi A= B =C = g

Bai toan 2.37. Chitng minh rang trong moi tam giac ABC' ta luon c6

sinh A n sinh B n sinh C
A B C '

3 (sinh A+ sinh B 4+ sinh C') > 7 (
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1

Lot gidi. Xét ham sy = x —tanhz. Tacoy =1 — . >0,Vr € R.
cosh”x
Do d6 ham s6 y = z — tanhx 13 ham s6 dong bién trén R nén y >
y(0),Vx > 0.

Suy ra x — tanhz > 0,V > 0 nén z > tanhz,Vo > 0. Xét ham s6

y :sinhx. T c6 of = x cosh x 2— sinhz cosh x (z — tanh ) = 0.V > 0.
L@ T
Z x Z N Z
Do d6 ham s6 y =7 13 ham s6 dong bién (0; 4+00) .
T

Gidst A>B>C taco
sinhA sinh B _ sinhC
> > .
A — B —
Theo bat dang thitc Chebyshev, ta c6
sinh A N sinh B N sinh C
A B C

(A—I—B+C)< > < 3 (sinh A+ sinh B 4 sinh ().

Tu do suy ra

inh A inh B inh
3 (sinh A+sinh B 4+ sinh C') > 7 (sm o o C) .

A B tT¢

Dau béang x4y ra khi va chi khi A= B =C = g

Bai toan 2.38. Chiing minh riang trong moi tam gidc ABC' ta luon c6
sinh A sinh B sinh C < Sinh3g.

—1
) ) sinh*z )
Do d6 ham s6 y =In(sinh z) 1&4 ham s6 16m trén (0; +00) nén ta c6 bat
déng thiic:

Loi gidgi. Xéthamséy =In(sinhx),Va > 0.Tacoy” = < 0,Vz > 0.

A+ B
In(sinh A) + In(sinh B) + In(sinh ') < 31n (sinh +—+C> :

3
Suy ra
In (sinh Asinh Bsinh C) < In (sinh?’%) :

Vi ham s6 y =Inz 1a ham s6 dong bién trén (0; +00) nén ta c6 diéu phai
chiing minh
sinh A sinh B sinh C' < sinh?’g.

Dau bang x4y ra khi va chi khi A= B =C = g
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Bai toan 2.39. Chitng minh rang trong moi tam giac ABC' ta luodn c6
T
cosh A cosh B cosh C > cosh3§.

L gidi. Xét ham s y =In(cosh ),V > 0.Ta c6 ¢ = ——— > 0,Va >
cosh”x
0.
Do d6 ham s6 y =In(coshx) 1a ham s6 16i trén (0; +00) nén ta c6 bat
déng thic

A+ B
In(cosh A) + In(cosh B) 4 In(cosh C') < 31n (COSh +—+C> :

3

Suy ra
In (cosh A cosh B cosh C) > In (cosh3g> :

Vi ham s6 y =Inz 13 ham s6 dong bién trén (0; +00) nén ta c6 diéu phai
chiing minh
cosh A cosh B cosh C < cosh3g.

Déu biing xéy ra khi va chi khi A= B = C = g

Bai toan 2.40. Chitng minh rang trong tam giac ABC' ta luon c6

sinh A+ sinh B+sinh C'—tanh A—tanh B—tanh C' > 3 (Sinh g — tanh g) )

Lot gidi. Xét ham s6 y = sinhz — tanh z; Vo > 0. Ta c6

1 inh
'=coshe — ———, 3/ =sinhz + P ;E > 0,Vx > 0.

/cosh2a:’ coshrz
Do d6 ham s6 y = sinhx — tanh 2 1&4 ham s6 16i trén (0; +00) nén ta co

bat dang thiic
(sinh A — tanh A) + (sinh B — tanh B) + (sinh C' — tanh C')

3
A+ B A+ B
3 3
Suy ra
. . . ¢ T
sinh A+ sinh B+sinh C'—tanh A—tanh B—tanh C' > 3 (smh 3~ tanh g) )
Dau bang x4y ra khi va chi khi A= B =C = g
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Bai toan 2.41. Chitng minh rang trong tam giac ABC' ta luon cé

5 A , B A% + B2 2
sinh? —|—smh —|— sinh? 9 + + C

4
Lot giai. Ta c6 cong thic
sinn2? — coshz —1
2 2
nén bat dang thic can ching minh tuong duong
A%+ B% 4 C?
cosh A+ cosh B + coshC — 3 > + 5 + .

Xét ham s6 y = 2coshz — 22; Vo > 0. Ta ¢6
y' = 2sinhx — 22,9y" = 2coshax — 1 > 0,Vx > 0.

Suy ra y(x) > y(0) +4/(0).(x — 0),Vz > 0 nén 2coshz — 22 > 2; Vo > 0.
Lan lugt thay = béi A, B, C vao bat dang thiic trén ta dudc roi cong
tiing vé cac bat dang thic do, ta dugc

(2cosh A — A%) + (2cosh B — B?) + (2cosh C — C?) > 6
Suy ra

A*+ B? + C?

cosh A+ cosh B + coshC' — 3 > 5
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Chuong 3

Phuong trinh ham trong 16p ham
luong giac hyperbolic

3.1 Dac trung ham cua cac ham hyperbolic

1 .
a) Ham sin hyperbolic f(z) = sinhz := E(e'r — e~ ") ¢6 tinh chat
f(3z) = 3f(z) + 4[f ()]’ Vz € R.
1 .
b) Ham cosin hyperbolic g(z) = coshz := 5(6‘"’3 + e™") ¢6 tinh chat

g(x+y) +g(x —y) =29(x)g(y), Vz,y €R.

X —X
e’ —e /
co6 tinh chat

¢) Ham tang hyperbolic h(z) = tanhx := prpp—

_ (@) +h(y)
h(z +y) = T+ h(@)h(y)’ Vr,y € R.

el +e*

eI _ e*l’

d) Ham cotang hyperbolic ¢(x) = cothx := c6 tinh chat

1+ q(z)q(y)
q(z) +q(y)

gz +y) = , Vo,y e R,z +y # 0.

3.2 Phuong trinh d’Alembert trong 16p ham sé lién
tuc

Biang cach thay ham cos, cosh trong cong thiic bién doi
cos(x +y) + cos(x —y) = 2cosxcosy, Vr,y € R,
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cosh(x + y) + cosh(x — y) = 2coshz coshy, Vr,y € R,
bang ham [ ta sé c6 hai bai toan sau:
Bai toan 3.1. Tim cac ham f(x) xac dinh, lién tuc trén R va thdéa man
cac dieu kién

fx+y)+ flx—y) =2f(2)f(y), Y2,y €R, (3.1)
f(0) =1,3zp € R sao cho | f(zg)] < 1. '

Loi gidi. Vi f(0) =1 va f(x) lien tuc trén R nén

Jde > 0 sao cho f(x) > 0,Vx € (—¢,¢). (3.2)

Khi d6 theo (3.2) véi ng € N dit 16n thi f(%) > 0.

Nhan xét rang f(%) <1,Vn e N.
That vay, gid st f(%) > 1 v6i n nguyén duong nao do6 thi theo (3.1) ta

co

r 2
— f(w) = Qf(%)] — 1> 1 trai vdi gid thiét | f(zo)] < 1.

Vay ton tai x1 # 0 sao cho 0 < f(z1) < 1va f(z) > 0,Vz € <—\x1|, |a:1\)

(chi can chon x; = %) bat f(x1) =cosa,0 < a < g T (3.1) suy ra

f(221) = 2[f(21)]? =1 = 2cos* a — 1 = cos 2a.
Gia st f(kx1) = coska,Vk =1,2,...,n € Nt khi do

f(n+1)wy) = f(nwy + 1) = 2f (nay) f(z1) — f((n — 1)21)

= 2cosnacosa — cos(n — 1)a = cos(n + 1)a.

Tu d6 suy ra f(mz1) = cosma, Vm € N7,

Mzt khac, doi vai tro cia z va y trong (3.1), ta c6

f(a?—y):f(y—x),Vx,yeR,
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do d6 f(x) la ham chdn tréen R va nhu vay
f(mxy) = cosna, Vm € Z. (3.3)

Chor =y = % tir (3.1) ta nhan dugc

[f(%)}z _ 1+]2”(£1:1) _ 1+(2:osa _ (COS%)Q’ o véyf(%) :COS%.

«

Gia su f<%) = COS o
Khi d6 cho x =y = Lt (3.1) ta thu dugc

Vk=1,2,...,n € N*.

2k+1’
5 1+ cos —
[f( = )} __+f(ﬂ) 2" _ o2 2
on+1 9 on 2 2n+1
Do vay
€T (8%
f<2—rll> = cos Q—R,Vn e N. (3.4)
Tw (3.3) va (3.4) cho ta
f(%) = COS %Nﬂ e N, Vm € Z. (3.5)

Vi f(x) va cosx la cac ham lién tuc trén R nén tu (3.5) suy ra

f(z1t) = cosat & f(x) = cosax, < vl a = E,Vx € ]R).
T

Thit lai ta thay f(z) = cosax(a # 0) thoa man cac diéu kién bai toan.
Két luan: f(x) = cosax, a € R\{0}.

Bai toan 3.2. Tim cac ham f(z) xac dinh, lién tuc trén R va théa méan

cac dieu kién

flo+0) + Flx —4) = 2/(x)f(0). Yoy € B, )
f(0) = 1,3z € R sao cho f(xg) > 1. '

Loi gidai. Vi f(0) =1 va f(x) lién tuc tai = 0 nén
Je > 0 sao cho f(z) > 0,Vz € (—¢,¢). (3.7)
Khi d6 theo (3.7) véi ng € N dit 16n thi f(;TO) > 0.
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Nhan xét rang f(%) > 1,Vn € N.

L s x
That vay, néu ton tai n € NT sao cho f(2—2> < 1 thi theo (3.6) ta c6

() @) <

2
= f(x0) = [f(%)} — 1< 1, tréi véi gid thiét f(zo) > 1.

Do d6 ton tai x1 # 0 sao cho f(z1) > 1 va f(z) > 0,Vz € —(|z1], |21]),
(chi can chon x; = %)
bat f(x1) = cosha, 0 < «a, tit (3.6) suy ra
f(2x1) = 2[f(21)]* = 1 = 2cosh®? & — 1 = cosh 2a.
Gia st f(kxy) = coshka,Vk =1,2,..,m € NT, khi d6
f((m 4+ 1)zq) =f(may + z1) = 2f(ma) f(z1) — f((m — 1)21)
=2 cosh ma cosh a — cosh(m — 1)a = cosh(m + 1)av.

Suy ra f(mx1) = coshma,Vm € NT.
Mit khac, doi vai tro clia x va y trong (3.6) ta co, f(x —y) = f(y —
x),Vx,y € R, suy ra f(z) la ham chén trén R va do d6

f(mx1) = coshma,Vm € Z. (3.8)

Choz =y = %, tt (3.6) ta nhan dugc

[f(%)r _ 1+]2f(a:1) _ 1+0205ha _ COShQ%.
Do vay - N
f(;) :cosh§
Gid sit f(%) - cosh%,Vk —1,2,....,n € N".
Khi d6 cho 2 = y = % it (3.6) ta thu dugc
(8%
()] () - et
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Do vay

T o g
f(ﬁ) = cosh QH,VTL € N. (3.9)
T (3.8) va (3.9) cho ta
mry\ ma
f(5r) = cosh 2, vm € 2. (3.10)

Vi f(z) va coshz 1a cac ham lién tuc trén R nén ti (3.10) ta ¢

f(x1t) = cosh a

o
& f(z) = coshax, véia =—, Vo € R.
L1

Thit lai ta thay f(z) = coshazx, (a # 0) r6 rang théa man cac dieu kien clia
bai toan.
Két luan: f(z) = coshaz, trong d6 a € R, a # 0.
Nhan xét 3.1. Dé kiém tra thay ham f = 0 va f = 1 ciing théa man diéu
kién
fle+y)+ fle —y) =2f(2)f(y), Yo,y eR.

Do d6 tit bai toan 3.1 va bai toan 3.2 ta c6 dinh 1y vé nghiém ctlia bai toan
phuong trinh ham d’Alembert.

Dinh 1i 3.1 (Dinh 1§ nghiém ctia phuong trinh ham d’Alembert). Néu ham
f:R+—— R, lién tuc va thoa man

flxty)+ flx—y)=2f(2)f(y) =,y €R,

thi ham f la mot trong cac ham sau.:

f(z) =0, Vx € R,

f(x) =1, Vx € R,

f(x) = cosh(ax),
()

trong dé o, B la cdc hang so thuc khdc 0.
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Bai toan 3.3. Cho a € R, (a # 0) tim cac ham f(x) lién tuc trén R théa
man
flx—y+a)=flx+y+a)=2f(x)f(y), Yr,y cR. (3.11)

Loi gigi. D@ kiém tra thdy f = 0 théa méan cac yéu cau clia bai toan.
Xét f #£ 0 khi do, thay y bang —y vao (3.11), ta ¢

flxty+a)— flx—y+a)=2f(x)f(y). (3.12)
Tit (3.11) va (3.12) ta 6

f)f(y) = —f(@)f(y), =,y €R, suyra f(y) = —f(y), Yy €Rdo f #0.

Suy ra f(x) la ham 1é.
Ddi vai tro ctia x va y cho nhau trong (3.11) ta c6

fly—xz+a)— flx+ty+a)=2f(x)f(y) v,y eR. (3.13)
Tit (3.11) va (3.13), ta c6
fle—y+a)=fly—a+a)=f(—(z—y)+a)=—flx—y—a) Vi flaham l¢.

Suy ra
fle—y+a)=—f(r—y—a). (3.14)
Cho y = 0 thay vao (3.14) ta c6

T+
xr+2a) = f(z), Vr e R.
Ta thay x bang = + a va y bang y + a vao (3.11) ta dugc

fle—y+a)= flx+y+3a)=2f(x+a)f(y+a), v,y eR.
=flr—y+a)+ flr+y+a)=2f(x+a)f(y+a), z,y €eR.

Dat g(z) = f(z + a), suy ra g(z + y) + g(z — y) = 29(2)g(y)
Tu tinh lién tuc ctia ham f(x) trén R suy ra ham g(z) lién tuc trén R.
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Tu g(z +y) + 9(x —y) = 29(x)g(y), =,y € R tacod g(z) la mot trong
bon ham sau

g=0, g=1, g(x) =cosh(kzx), g(x)= cos(kx), Vz € R.

Truong hop 1: Néu g(x) =0, Va € R, suy ra f(x) =0, Va € R khong
thoa man (trai voi gii thiét f Z£ 0).

Truong hgp 2: Néu g(x) = 1, Vo € R, suy ra f(x) = 1, Vz € R khong
thda mén (3.11) nén khong 1a nghiém ctia bai toan.

Truong hop 3: Néu g(x) = cosh(kz), Vr € R, suy ra

f(z) = cosh[k(z — a)] khong théa man vi cosh[k(z — a)] khong 1a ham
tuan hoan.

Truong hop 4: Néu g(x) = cos(kx), Vo € Rsuy ra f(z) = cos(k(z —a)).

Ma ta da ching minh duge f(x 4 4a) = f(x) nén, ta c6

f(z +4a) = cos(k(x 4+ 4a — a)) = f(z) = cos(k(zx — a)),
= cos(k(z + 3a)) = cos(k(x — a)), ( chon x =x+ a),

suy ra cos(k(z + 4a)) = cos(kx) = 4ka =27 = k = 21
a

Suy ra f(x) = cos (21(.%‘ — a)), Vr e R.
a
Thit lai ta thay ham f(z) = cos <21(x — a)), Vz € R théa man yéu cau
a
cua bai toan.
. s
Két luan: f =0 ; f(z) = cos (2—(£E — a)), Vr e R.
a
Nhan xét 3.2. Tt két qua va cach gidi clia bai toan 3.3 thi ta c6 cac bai
toan khi cho a cac gia tri cu thé khac nhau. Vi du khi cho a = g ta co bai

toan sau.

Tim cac ham f(z) lién tuc trén R théa man

J@—y+3) = flety+5)=2/@)f(y), Yryck

Stt dung cach gidi nhu bai todn 3.3 ta duge nghiém ciia bai toan f(z) =

Sin .
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3.3 Phuong trinh ham sinh bdéi ham sin hyperbolic

Trude hét ta c6 bién doi luong gidc sau

cosh2xr —1 cosh2y — 1
2 2

1

= i(coshx — cosh 2y)

sinh? z — sinh®y =

= sinh(z + y) sinh(z — y).

Titdé néu f(x) = sinx thitacod f(x—y)f(x+y) = f(x)*—f(y)?, Vz,y € R,
Xuat phat tir dic trung ham nay ta co bai toan.

Bai toan 3.4. Xac dinh cac ham f : R —— C thoa man
fla =y flx+y) = f2)* - fy)?, vyeR. (3.15)

Lot giai. Ta xét hai truong hop.
Trusng hop 1: f = 0, dé kiém tra f = 0 la nghiém ctia (3.15)

Truong hgp 2: f Z£ 0, nén ton tai 2 sao cho f(zg) # 0. Dt

f(x+x0) — fx — 20)
2f (o) ’

¢(r) = z €R. (3.16)

Tir (3.15) va (3.16) ta c6

20(z)p(y) = 2f(io)2 [f(x +x0) — f(o — 20)][f(y +w0) — [y — w0)]

— 2f(1co)2[f(x +20) f(y +yo) — f(2 —20) f(y + y0)

— f(z+20) f(y — o) + f(z —20) f(y — %0)]
_ 1 [f(x+y+x0+x_y)f(x+y+xo—x_y)

2f ()2 2 2 2 2
T (T )
(S )i (5 - )

(57— ) (5 =55
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(5 mm) () —a( )
(5 ) -1 (5)]

~ sl (5 ) — 1) (5 )
() () ()

T —Y\2 T —y 2
-1(57) ()]
1
:W[f($+y+$o)f($o)+f($—y+$0)f($0)
— flx+y —x0)f(20) — f(z —y — x0) f(0)
= oz +y) + oz —y).

Suy ra ham ¢ : R —— C thoéa man phuong trinh sau

o(x +y) + olx —y) =29(x)9o(y), =,y €R,

va nghiém la

Dat u =24y va v =2 — y thi (3.15) tré thanh

fafw = ("0 (YY) vuver

Néu f(y) # 0, dat o = x ta co
fle+y)—flx—y)  fle+y)fla)— flz—y)fla)

2f(y) B 2f(y)f(a)
f(a:+g+oz)2_f(x+g—a)2_f(x—nga)erf(x—g—a)z
2f(y) f(e)
e G e e )
2f(y)f(a)
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_Je+a) - fe—a)
2/(a)

= ¢(z).
Suy ra
fla+y) = fle—y) =2f(y)¢(x), Vo eR. (3.17)

Mat khéc ta c6 ¢(0) = 1, suy ra f(—y) = —f(y), Yy € R, suy ra (3.17)
tré thanh

f@+y)+ fly —z) =2f(y)¢(x). (3.18)
Déi vai tro clia x va y trong (3.18), ta ¢6
fle+y)+ flz—y)=2f(2)o(y). (3.19)

Cong hai vé cta (3.18) va (3.19) ta co

f@+y) = flx)o(y) + f(y)o(z)
Mat khac & day f(z) 1a ham 1é va ¢(x) 1a ham chdn nén

fla) = Alw), ) = =

(o #0).

6 day F : R — C la ham exponential, A : R —— C la ham cong tinh.
) E(z) - E* \
Thit lai ta thay f(x) = A(z), f(z) = () 5 () théa man dieu kién
o

bai toan.
Két luan:
E(z) — E* ()

=0, flx)=Ax), f(z)= oo , trong d6 (a = const # 0),

E R +—— C la ham exponential, A : R —— C la ham cong tinh.

Nhan xét 3.3. Néu bo sung them diéu kien ham can tim 1a ham lien tuc
trén R thi ta duge bai toan
Xac dinh ham f : R — R lién tuc va théa méan

fla+y)flz—y) = f@) - fly)?’ Vo,yeR
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Va tlt nghiém ctia bai toan 3.4 ta c6 nghiém ciia bai toan la

f(z) =k,
f(x) = kysin(ksx),
f(x) = kysinh(ksz),

trong d6 ki, ks, ks, ks, k5 13 cac hang s6 thue.

T cong thiic bién doi
cos(z+y) sin(z—y) = §(sin 2x—sin2y) = coswsinx—cosysiny, Vr,y € R.

Néu thay ham f(z) = cosz va g(x) = sinz thi ta dugc

flx+y)glx—y) = f(x)g(z) = fy)g(y), =,y €R.

Tu dac trung ham nay ta c6 bai toan sau.

Bai toan 3.5. Tim cac ham f, g : R —— C thdéa man

fle+y)glz —y) = f(@)g(x) = f(y)g(y), =,y ER. (3.20)
Lot gidi. Néu f(x) 1a ham hang, giai st f(x) =k, Va € R khi d6 (3.20)
tré thanh
kg(x —y) = kg(z) — kg(y),
suy ra
klg(x —y) — g(x) + g(y)] =0, Va,y €R. (3.21)
Néu k = 0 thi ham g(z) 1a tuy y vay ta c¢6 nghiém trong truong hop nay
la: f =0 va g 1a ham tuy ¥.
Néu k £ 0 thi ti (3.21) ta c6

g(x —y) = g(z) — g(y), Yo,y eR. (3.22)
Cho = = 0 thay vao (3.22) ta dugc
9(=y) = 9(0) —g(y), Vy eR. (3.23)

Ta lai c6, thay y bang —y vao (3.22) thi dugc

g(r+y) = g(x) — g(—y).
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Két hop véi (3.23) ta dugce
g(x+y) =g(x) +9g(y) —9(0), Vo,y €R. (3.24)
bat A : R +—— C cho bdi A(x) = g(x) — g(0), khi d6 (3.24) tré thanh
Alx +y) = A(x) + A(y), Vx,y € R. (3.25)

Suy ra A(z) 1a ham cong tinh, suy ra g(z) = A(x) 4+ d trong d6 § = ¢(0).
Vay nghiém bai toan trong trudng hop nay la: f(z) = k, Vo € R va

g(x) = A(z) + ¢, trong d6 A(x) la ham cong tinh va § 1a hing s6 tuy .
Néu g(x) 1a ham hang, gia st g(x) =k, Va € R khi d6 (3.20) tr6 thanh

klf(x+y)— f(x)+ fy)] =0, Yo,y € R. (3.26)

Néu k& = 0 thi f(z) 1a ham tuy ¥. Vay nghiém ctia bai toan trong truong hop
nay la f(x) la ham tuy y va g(x) =0, Vo € R.
Néu k £ 0 thi tir (3.26) ta c6

fle+y) = f(z)— fly), Vo,y €R. (3.27)
Cho z = 0 thay vao (3.27) ta dugc
fy) = 10) = fly) = 2f(y) = f(0),Vy € R.

hay f(x) =0, Vx € R. Suy ra, nghiém ctia bai toan trong truong hop nay
la f=0vag=kvéik#Q0.

Xét hai ham f(z) va g(x) khong 1a ham héang.

Ddi vai tro clia x va y trong (3.20) Ta c6

flae+y)gly —x) = f(y)g(y) — flx)g(x), Yo,y €R. (3.28)
Tir (3.20) va (3.28) ta c6
fle+ylgle —y) = —flz+y)gly —x), Va,y eR. (3.29)
Dt u =2 +y va v = & — y khi d6 (3.29) tré thanh
f(w)gv) =—=f(u)g(—v), Yu,v € R. (3.30)
Vi f(z) khong 1a ham héng nén ton tai mot ug € R sao cho f(ug) # 0.
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Cho u = ug thay vao (3.30) ta dugc

suy ra ham g(z) 14 ham 1é.

Dit (z) = L) +2f (=2) G o) = L0 _Qf (=%) 4 thay ham ()
1& ham chén, ham ¢(z) 1a ham 1é va
f(x) =¢(z) + ¢(x), Vo eR. (3.31)

Thay (3.31) vao (3.20) ta co,

Y +y)g(z —y) + oz +y)g(z —y)

= (x)g(z) — ¥(y)g(y) + é(z)g(z) — é(y)g(y), Vz,y € R.
(3.32)

Thay x bang —z va y bang —y va st dung tinh chat ¢(x) 1a ham 18, ¢(z) la
ham chin ta dugc

—¥(z +y)g(z —y) + oz +y)g(z —y)
= —¢(x)g(z) + (y)g(y) + o(x)g(x) — d(y)g(y), Y,y € R.

(3.33)
Cong vé véi vé clia (3.32) va (3.33) ta dugc,
oz +y)g(x —y) = o(x)g(x) — ¢(y)g(y), Yo,y € R. (3.34)
Tir (3.32) va (3.34) ta c6
vz +y)glz —y) =v(x)g(z) — ¥(y)g(y), Vr,y € R. (3.35)
Thay y biing —y vao (3.34) ta c6,
oz —y)g(x +y) = d(x)g(x) — ¢(y)g(y), Vo, y € R. (3.36)
Tit (3.34) va (3.36) ta c6
oz +y)gle —y) = oz —y)g(z +y), Va,y €R. (3.37)

bat u =z 4+ y va v = x — y thay vao (3.37) ta co

o(u)g(v) = ¢p(v)g(u), Yu,v € R. (3.38)
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Vi ham g(x) khong 1a ham héng nen ti (3.38) ta co
o(x) = ag(r) trong d6 o = const, « € R. (3.39)
Truong hop 1: Néu « # 0, thi thay (3.39) vao (3.34) ta c6
d(z +y)o(z —y) = d(x)” — d(y)*, Va,y €R, (3.40)

ma ¢(z) khong 13 ham hang suy ra ham ¢(z) ciing khong 13 ham hing nén
nghiém ctia phuong trinh ham (3.40) 1a:

¢(x) = A(x) trong d6 A(x) ham cong tinh,

hoac
E(x)— E*
o(x) = () 5 (z) trong d6 F(x) la ham exponential,b # 0.
Khi d6 tit (3.39) ta c6
1
ola) = A(x), (3.41)
o (@) - B'(x)
E(z) — E*(x
= : 3.42
9(x) T (3.42)

Cho y = —x thay vao (3.35) két hgp v6i tinh chat ham g(x) 1a ham 1é, ham
Y(x) 1a ham chén, ta c6

$(0)g(22) = 20(x)g(z), Va € R. (3.43)
Néu ¥ (0) = 0 thi (3.43) tr6 thanh
W(z)g(z) =0, Vz €R. (3.44)
Thay (3.44) vao (3.35) ta c6
vz +y)g(z —y) =0, Va,y R,

suy ra 1) = 0 hoic ¢ = 0. Ma g(z) va f(x) khong 1a ham hing nen ¢ = 0.
Mat khac ¢(x) = ag(x) nén ¢ khong 1a ham hang, ma f(z) = ¢(x) + ¢(z)

nén ¢ # 0. Suy ra ¥(0) # 0.
Vi ¢(0) # 0, dat 6 = ¥(0) thay vao (3.43) ta c6

g(22) = %w(x)g(ac), trong d6 & = 1(0). (3.45)
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thay (3.41) vao (3.45) ta co

Y(x) = o0Vr € R, suy ra f(z) = ¢(x) + () = A(z) + 9,
va )
g(z) = aA(x) = fA(x), trong dé B = const, [ # 0.

Suy ra, nghiém ctua bai toan trong truong hgp nay la:

{f(x) = A(z) + 0
g(r) = BA(),

trong do [ 1a cac hang s6 khac 0, A(x) la ham cong tinh.
Thay (3.42) vao (3.45) ta dugc

1 B(2z) — E*(2z) 2 1 E(x) — E*(z)

ab 2 =g
suy ra
B(x) + B'(2) = () & v(a) =62 LED
suy ra
() =9(a) +(2)

_E(x) - E*(x)  E(x)+ E*(x)

N 2b 0 2

BB sl B

o) = LED=F@) _ ;o) E'le)

4 day 8 1a hang s6 khac 0. Suy ra nghiém ctia bai toan trong truong hop nay
la:
E(x) — E*(x E(x) + E*(x
o) =B E) G EE) B
E(x) — E*(x
o) =p D ED
Truong hop 2: Néu a = 0 nén tir (3.39) ta c6 ¢ = 0 suy ra, [ = 1.
Khi d6 phuong trinh (3.35) tré thanh

Y(z+y)g(z —y) =v(x)g(z) —v(y)g(y), Vr,y €R.
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Cho y = —x ta dugc

¥(0)g(2z) = 2¢(z)g(z), Vo €R
Do 1(0) # 0 nén ta c6, dat 6 = ¥ (0) khi d6

9(20) = S0 (r)g(x), 6 day 5 = (0)

AR
AP IR )
5 0(5) 9(5) —+(5) 9(5)]
=g(z)* — g(y)*.
Suy ra
gl +y)g(zr —y) = g(x)* — g(y)*, Va,y €R, (3.46)
khi d6 ham g(z) 1a mot trong hai ham sau
g(z) = A(z) (3.47)
hoac i
o) = Z& ;bE (@) (3.48)

6 day A : R —— C la ham cong tinh , £ : R — C la ham exponential,
b # 0 1a cac hing s6 phiic.
T (3.45) , (3.47) va (3.48) ta ¢6
(x) =0
hoac
E(z)+ E*(z
o) = PO

Suy ra, nghiém cua bai toan trong trucng hgp nay la

{f(x) _ 6E(:c) + E*(x)

2
ola) = P E)

o8



Két luan: Nghiém ciia bai toan 1

f(z)
f(z)ham tuy v va g(x) = 0,Vz € R,

f(x) = A(z) +0 va g(x) = BA(x),
(x E(z) — E*(x) Jr5E(3:) —;E (x)

g()

0,Vx € R va g(x) ham tuy ¥,

—

N~—r

y
P 2

trong do6 (3,0 1a cac hang s6 khac 0, v 1a hing s6 tuy y, E(x) 1a ham expo-
nential, A(z) la ham cong tinh.
Nhan xét 3.4. Néu bo sung them diéu kién hai ham can tim f, g 1a hai ham
lién tuc thi ta duge bai toan.

Xac dinh cidc ham f, g : R — R lién tuc va khac ham hing théa man

flx+y)g(x —y) = f(x)g(x) — f(y)g(y), Vr,y € R.
Va tit két qua ctia bai toan 3.5 ta c6 nghiém ctia bai toan la

f

(%)

f(z)

f(x) = k1x va g(x) = ko,
()
()

) =0, Vx € R va g(x) la ham lién tuc tuy ¥,
x) 1& ham lién tuc tuy ¥ va g(z) =0, Vz € R,

f
f(x) = kgsinh(ax) + k7 cosh(az) va g(x) = kgsinh(az),

x) = kssin(ax) + ky cos(ax) va g(z) = kssin(az),

trong d6 ki, ko, ku, ks, k7, ks, a 1a nhitng hang s6 khac 0, k3, kg 1a hang so tiuy
y.
Bai toan 3.6. Chiing minh rang néu ham f : R — R théa méan
fle+y)flz—y) < fl@)* = f(y)*, v,y €R (3.49)
thi ham f la nghiém cta phuong trinh ham
fla+y)fle—y) = fx) - fy)
Loi gidi. Cho x = y = 0 thay vao (3.49) ta dugc f(0)2 <0
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. f(0) = 0.
Cho = —y thay vao (3.49) ta c6
0< f(=9) = fw)? e fly)’ < f(-y)”
Thay y bang —y ta c6
f(=y)* < fy)* < f(=y)*,

suy ra

f(=y)* = fy), Yy €R,
hay [f(—y) = fWIf(=y) + f(y)] =0, Vy eR.
Gia st c6 mot vai diém 1, sao cho
f(yo) = f(=wo)-
khi d6, cho z = 0 va y = yp thay vao (3.49) ta co
F(yo) f(=y0) < —f(wo)*.
Tit (3.51) va (3.52), ta co

2f(yo)* < 0= f(yo) =0= f(—y) = 0.

Vi vay ta co
f(=y)=—fy), VyeR.
T (3.49) va (3.54), ta c6

fW)? <f@)?=fl@+y)flz—y) = f@)’+ f@+y)fly—=)

<f(@)*+ fy)* — f(=*) = f(y)*.

Tu do suy ra

fla+y)fx—y) = f2)’ = f(y)? Yo,y eR
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3.4 Phuong trinh ham sinh bdéi ham tang hyperbolic

Trude hét ta xét mot s6 dang toan lien quan dén ham tang.
Bai toan 3.7. Cho b > 0. Tim cac ham f(x) # 0 xac dinh va lién tuc trong
D :={x+2bk | z € (=bb), k€ Z}
va théa méan cac dieu kién

_ @)+ fy)
1= f(x)f(y)

Loi gidi. Cho y =0, tit (3.55) ta ¢

flx+vy) Nr,y,x+y € D. (3.55)

FOV([f@)*+1)=0,VzeD

nén f(0) = 0. Do f(0) =0 va do f(z) lién tuc tai 2 = 0 nén ton tai zg > 0
sao cho [—xg, xg] C (=b,b) va |f(x)| < 1,Vx € [—xq, z].

Chon z1 € [—xg, xo] va dat f(x1) =tana,a € (—%, %) khi do
2f(x1) 2 tan «

f(2xy) = = [P 1t tan 2av.

Gia st f(kxy) = tan(ka),Vk =1,2,...,m,m € N*. Khi d6

_ f(may) + f(z1)
1 — f(mz1) f(z1)

N tan ma + tan o

f((m+ 1))

1 — tan o tan ma
=tan(m + 1)a.

Vay f(mx) = tanma,Vm € NT.
Thay y = —x vao (3.55) va két hop véi f(0) = 0 ta duge f(—x) =
—f(x),Yo € D. Tt d6 suy ra

f(mzxy) = tanma,Vm € Z. (3.56)

Mt khac, tu (3.55) ta duge

2/(5) 2tan
= =tanag = ———=~
T T T e



«

& [F(5) —tan 5] [1+f(5) tan ] = 0. (3.57)
Do‘tan—’ <1va ‘f ‘ < 1 nén tit (3.57) suy ra
f(%) :tan%.

Bang phuong phap ching minh quy nap ta dé dang chiing minh dugc
Iy

Khi d6 tur (3.56) va (3.58) suy ra

—) = tan —,Vn € N, (3.58)

Moy _eon & +
f( o ) tanQH,VnEN .

Két hop vdi giai thiét f(z) 1a ham lién tuc trén D, ta c6
f(xzy) = tan(za),Vz € D.

Do d6
o)
f(z) =tanazr,a = —.
X1

2 o X , N 2 N 2,0 X
Dé mien xac dinh cia f(x) trung v6i D, can chon a =

Két luan

2_b.

f(x) = tan ;bx,Vx €D

Bai toan 3.8. Tim céc ham f(z) xac dinh va lién tuc trén R va théa man

cac dieu kién

_f@)+ 1)
f(x+y)_1+f(x)f(y)’v .y € R. (3.59)
Loi giagi. Thay y = 0 vao (3.59) ta duge
FO[I = (f@)] =0 (3.60)

Néu f(0) # 0 thi tt (3.60) ta dugc
f=1,Vx € R hoac f(x) = —1,Vz € R.

(do f(z) 1a ham lien tuc trén R) Thit lai, ta thiy cac ham s6 trén la céc

nghiém cua bai toan.
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Xét truong hop f(0) = 0. Ta chiing minh réang |f(z)| < 1,Vz € R.
That vay, gid st ton tai 1 # 0 dé |f(z1)] > 1 thi tit (3.59) suy ra cic bat
déng thic sau
27 5)
L1712 =1
1+ [f(5)]

2
1+ [ 2|15

|f(z1)] =

Do do6
=1
Lap luan bang phuong phap quy nap, ta c6

)f ’—1VneN+

Tu tinh lien tuc cha f(x), suy ra [f(0)] = 1. Dicéu nay trai véi gia thiét
£(0) = 0.

Vay |f(z)] < 1,Vz € R.

Véi x1 # 0 dat f(z1) = tanh . Khi d6

2f(r1)  2tanha

= = 2tanh 2a.
1+ [fx) 1 +tanhla e

f(2$1)

Gia st f(kxy) = tanh(ka),Vk =1,2,...,m;m € N*. Khi do6

f(ma1) + f(x1)
1 — f(mx).f(z1)

tanh ma + tanh o

f(lm+1)x,) =

= tanh 1.
1 + tanh «. tanh ma anh(m + 1)a

Vay f(mxy) = tanhma,Vm € NT. Thay y = —x vao (3.59) va st dung
f(0) =0 ta duge f(—z) = —f(z)Vz € R. Tu d6 suy ra

f(mzy) = tanh o, Vm € Z. (3.61)

Mit khac, cing tut (3.59) ta duge

2/(5) 2 tanh
= =tanha =
o = e T e
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L1

& [F(5) —tanh 5] [1 - £(5

2
Do ‘tanh%‘ <1va ‘tanh %‘ < 1 nén

) tanh %] = 0. (3.62)

(3.62) = f(%) - tanh%.

Bing phuong phép ching minh quy nap, dé dang chiing minh dang thiic

f(%) — tanh 2% ¥n € N*. (3.63)

T (3.61) va (3.63) suy ra

f(%) = tanh %,Vm € Z,VYn € NT
theo gid thiét f(z) la ham lién tuc tréen R va do tanh x 1a ham lién tuc trén
R, suy ra
f(zz1) = tanh(za).
Vay

f(x) = tanhaz,a = )
X

Th lai, ta dugce

=1
fE _17
f(z) = tanhaz,a € R,

thda man yéu cau ciia dé bai.
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Két luan

Luan van “Dang thiic va bat ding thitc trong 16p ham hyperbolic”
da gidi quyét dugc nhitng van dé sau:

1. Luan van da trinh bay chi tiét mot s6 kién thic lien quan dén
ham luong giac hyperbolic, cac hang dang thic co ban gitta cac 16p
ham hyperbolic.

2. Tiép theo, xét mot s6 16p bai toan ap dung lién quan tdi 16p ham
hyperbolic.

3. Cudi clung, luan van trinh bay vé phuong trinh ham sinh béi cac
ham luong giac hyperbolic va mot s6 bai toan ap dung tuong tng.

65



Tai liéu tham khao

Tiéng Viét
[1] Nguyén Van Mau (1993), Phuong phdp gidi phuong trinh va bat phuong
trinh, NXB Giao duc.

2] Nguyén Van Mau (1998), Pa thic dai s6 va phan thiic hiu ty, NXB Gido

duc.

[3] Nguyén Van Mau (2006), Bat dang thite. Dinh lj va dp dung, NXB Gido

duc.

[4] Nguyén Van Mau, Pham Thi Bach Ngoc (2002), Mot s6 bai todn chon
loc tu lugng giac, NXB Giao duc.

[5] Nguyén Van Mau (2010), So phic va dp dung, NXB Gido duc.

[6] Cdc bai thi Olympic Todn trung hoc pho thong Viet Nam (1990-2006),
NXB Gido duc.

Tiéng Anh

[7] Morse P.M., Erdeleyi A., Gray M.C., (1970) Handbook of Mathematical

Functions, Springer.

66



